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Stummary

Direct mathematical freatment of the thermal conditions in a building
when the external temperature is not constant is menerally considered too
complex and rccourse is made to thermal models or analogies. By the method
deseribed here, however, the mathematical treatment can be reduced to
manageable proportions and, for an assumed thermal environment, the method
will give a more accurate answer and will provide a more sensitive test of
the effeet of small changes than previous methods. An outline is given of
caleulations in two particular instances and the results are compared with
measurements on model houses,

1. INTRODUCTION

The heat flows and the various temperatures in a building are com-
paratively simple to caleculate when the external conditions do not vary;
such calculations ave treated in standard textbooks on heating and air-
. conditioning. However, the state of unvarying conditions is an ideal which
docs not oceur in practice, and the simplification is valid only when the
steady-state heat flow forms a large part of the total heat flow. When it
docs not, the effect of the distributed heat capacity of the structure is of
importance and the mathematical treatment becomes very complex as
reference to a text such as Carslaw and Jaeger (1947) will show. The
treatment of several parallel heat paths cach through possibly several
slabs of material in series is exceedingly complex and is seldom if ever
attempted. _ _
- The normal metheds of treating the problem of house temperatures
were discussed at the recent Building Research Congress: Mackey (1951)
and Bruckmever (1951) discuss the reaction of single heat paths to
particular imposed conditions but these are obviously useful only when
one single element is of overwhelming importance (for example, a flat
having thick heavy walls and with similar fats above and below) and
Billington (1951) deseribes electrical analogies for use as caleulaling
machines. Paschkis and Baker (1942) similarly describe and use an
electrical analogy; Leopold (1948), Metropolitan Vickers Electrical Ce.
Ltd. (1950), and others describe hydraulic analogies capable of being
used for heat transfer calculations. One other possible method is that of
the - thermal models proposed by Drysdale (1948, 1950) but this can
obviously become laborious if many variables of elimate and eonstruection
are to be included. '
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Mathematical treatment can however be reduced to manageable pro-
portions by a method proposed here; the method has advantages over the
model and analogy methods for cases wherein the actual transfer elements
do not change with time. The treatment depends on the fact that the wall
of a building may be treated as a passive four-pole as is shown by
van Goreum (1950). His mathematical treatment applies equally well to
the other heat paths in a building—the {floor, roof, windows, and air
exchange—and it will be shown here how the treatment may be extended
to the combinations which oceur in buildings.

II. THEORY

van Gorcum shows that if an infinite homogencous slab of material
has harmonic surface temperatures 7, and 7, and heat flows at its surfaces
(in the direction 4 to B) W, and Wy per unit arca then these are related by

Ty = P.T, + PwI’VUZ

Wp= P.T, + PouW,§ i e (1)
and Py, P, P, and P,, are related to the properties of the material by
- P\, = Py, = cosyl,
’ Py = — (y1) ' sin 41,
P, = Ay sin vl (2)

where [ is the thickness of the slab, A is the thermal conductivity of the
material, ¢ is the heat required to cause unit temperature rvise of unit
volume of the material, /2w is the frequency of the temperature variation,
7is (= 1)% and ¥ = — juc/\.

The equations (1) can be written

2] = (P) (T, .,
ﬁvlg ( )%fm?g' .............. (3)

in the notation of matrix algebra, and if the building element consists of
more than one homogeneous slab in series, the matrix relating tempera-
tures and heat flows at the outer surfaces can be found by multiplication
of the matrices for each slab.

Now in a building, the interior exchanges heat with the environment
via heat paths, the clements of which have thicknesses small compared
with their area ( except for pitched roofs, but these can also be included
here since the heat capacity of the air space is low and sideways heat
transfer is probably small), and hence each can be treated as a passive
four-pole and an equation of the form (3) written for it. If 7', he the
internal temperature, then the various external temperatures 7, will be
the shade air temperature, the average sol-air temperature of the roof
or the walls, or earth temperatures, depending upon the element under
consideration. Further, the sum of all the heat flows to and from the
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interior of the building must be zero at all times and hence the equatlons
of the type (3) may be combined by the use of the equation
sS4 Wy FW=0, ... (4)

where A is the area of the particular element, and W is the heat input

" from sources inside the building.

The first equation of the pair (3) may be rewritten
TB/Plz = Pn/Pm-TA =+ T’V.-u

for elements connecting with the external environment. For internal
walls (matrix Q) there is no heat flow at the centre of the wall and so,

. taking the two sides of the wall, the second equation of (3) becomes

0= Q2/Qu.Ty + Wy
Combining these gives v , : . Co
Ty= [SA(Tp/P) + W]/[BA(P1/Pi2) + 24(Q2/Q:)]. .. (5)
This may be compared with the equation for the steady state . ‘
T, = [SA(Ty/R) + WI/SAQ/R), ...c..... 6 .

where the symbols have the same meaning as in (5) and R is the overall

thermal resistance.

III1. CALCULATIONS

The way the method works can be seen in the following examples
wherein the calculated results are compared with those obtained experi-
mentally in small models. Two models were built, both about 3 ft. square

- by 1 {t. high, and placed in a room the tempcrature of which was varied

cyclically. The air temperatures of the room and of the interiors of both

‘models were measured and the interior temperatures of the models were

calculated by the method of Section II.

Both models were constr ucted to have various heat paths each with a
different thermal conductivity and capacity. One model, illustrated in
Figure 1, was constructed in masonry. It had 9.3 sq. ft. of wall of 2-in.
brickwork, 1.7 sq. ft. of windows of 16-0z. glass, 7.1 sq. ft. floor area of

. 1-in. timber, and 7.1 sq. ft. of roof of 2-in. concrete slabs (all areas average

of '1nt01 nal and external). An internal wall of brickwork 2 in. thick had
an area of 4 sq. ft. The second (timber) model had 5.9 sq. ft. of 1-in.
mineral wool with $-in. ply on each side, 1.7 sq. ft. of windows, and framing
areas totalling 3.4 sq. ft. of 14-in. timber for its walls, 7.6 sq. ft. of 1-in.
cane fibre board for its roof, and 7.6 sq. ft. of §-in. ply for its floor. Efforts
were made to reduce the exchange of air between the outside and the inside
of the models as far as possible since, although its effect can easily be
included in the calculations, the air exchange rate could not be conveniently

measur ed
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The values of the thermal properties (of the various materials in the
models) used for calculations arve set out in Table 1; the air film con-
ductances used were 2.5 B.Th.U./sq. {t./hr./deg. F. for external surfaces
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Fig. 1.—Masonry model used in measurements.

and 1.4 B.Th.U./sq. ft./hr./deg. F. for internal surfaces. Calculations of the
value of A/P.., AP,,/P,., and AQ.,/Q.. gave the results of Tables 2 and 3.

TABLE 1
TIIERMAL PROPERTIES OF MATERIALS

. . Cfmductivity Specific Heat Density

Material /(}ﬁjjgég:/ ;q/lit) (B.Th.U./Ib./deg. F.) “(Ib./cu. ft.)
Brickwork 8 0.2 120
Concrete 10 0.2 150
Wood 1 0.3 50
Mineral wool 0.25 0.2 12
Cane fibre board 0.4 0.3 30
Window glass High 0.2 1*

*1b./sq. ft.

- The external air had an hourly temperature cycle shown graphically
as the continuous line in Figure 2. Forty-eight ordinates were measured
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and a Tourier analysis made for the first five harmonics. The external
cycle obtained was .

Ty = 23.9 + 20.0 sin (272 - 1.21) + 22 sin (d=x +-1.24)
4 3.5 sin(6xa + 1.90) + 1.4 sin(8=xx -+2.14),

where 2 is the time in hours and T'; is given in recorder divisions. Synthesis
from these harmonics gave the broken curve of Figure 2.
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Fig. 2.—Comparison of actual external temperature and that used for
calculations.

For each frequency the values from Tables 2 and 8 and of T, were
substituted in equation (5) and the calculated internal temperatures were

Masonry model: -
Ty =239+ 1.1sin(2=x — 0.60) + 0.1sin(6zx — 0.76). ... (8)

Timber model:
T4 == 23.9 + 6.1sin(2=z + 0.39) 4 0.6 sin(dnz — 0.53)

-+ 0.8 sin(6zx — 1.25) 4+ 0.3sin(8xx — 2.27) +. ..... (9)

These arce plotted in Figure 3 (the broken lines) and are tabulated in
Table 4. The results obtained experimentally are shown as continuous
lines iu the same figure and are given for comparison in Table 4. These
experimental and calculated results can be seen to be in good agreement.

- The differences that do occur are probably less than might be expected

when it is realized that the thermal properties of the materials could well
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be 10 per eent. in error and the film coefficients possibly more, and that
recorder ervors of the order of one-half scale division could be expected.

TABLE 4
COMPARISON OF TEMPERATURES
All temperatures given in recorvder divisions

Temperature
. s % N\

Time Ixternal ] Masonry Model ) © Timber Model
{(min.) e - e —A——
Experi- -Fourier Experi- . BExperi-

mental Synthesis mental Calculated mental Calculated

5 46.1 47.1 -23.8 23.9. 29.0 29.2
10- 43.6 421 24.6 244 Co814a 214
s - 26.9 ’ 26.2 251 - 247 29.6 29.4
20 17.8 17.8 25.3 24.9 26.0 26.5
25 12.8 13.1 25.3 24.9 23.0 24.7
30 9.2 9.5 25.0 24.5 21.0 21.8
3 6.4 6.4 24.6 24.0 194 19.0
- .40 4.2 40 23.6 234 18.1 18.8
45 15.6 16.1 . 229 23.1 17.6 18.6
50 20.1 29.3 22.7 22.9 21.1 20.6
55 36.2 36.3 22.8 22.9 24.3 22.6

GO . 407 41.0 23.0 23.3 27.0 25.0

IV. CONCLUSIONS

Heat transfer networks of several paths unvarying with time and
having periodic variations of temperature can be studied by direct mathe-

CALCULATION OF TEMPERATURES INSIDE BUILDINGS . 195 .
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matical calculation; each clemental path is considered as a passive four-
pole net and laws similar to Kirchhoft’s network laws of clectricity used to

combine their cffects. Allhough somewhat lengthy calculations are needed

i complex cases, the transfer coefficients for a particular building element
do not need to be calculated cach time, and overall, the work will be far
less than for model or analogy methods. The effect on internal tempera-
tures of small changes in the network can be determined more simply than
by other methods and the results will be far more accurate.
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